We study how the quantum coherence and classical correlation influence energy transport in a unitary evolved system under weak coupling limit. The ratio relation between the transported energy and the change of coherence is explicitly derived. The conditions for the quantum coherence and the classical correlation as the unique mandatary are presented. Detailed examples are studied for two two-level quantum systems.
Energy transport is a common and elementary physical process in nature. As the energy transport process is commonly accompanied by information flow and change of correlation between physical systems, the relation between the energy transport and information flow or change of correlation is a hot research topic in physics [1] [2] [3] [4] . Moreover, in recent years, energy transport in the photosynthetic light-harvesting complexes is widely studied [5] [6] [7] . It has been shown that photosynthetic light-harvesting complexes harnesses quantum coherence to make the photosynthesis's efficiency high [8, 9] . However, non-quantumness or even noise from the environment can also help the energy transport in the photosynthesis which is contrary to intuition [10, 11] . It seems that nature harnesses both quantum coherence and nonquantumness harmoniously to harvest energy in a most efficient way [5] .
The quantum coherence, as one of key features in quantum world, is the origin of many quantum phenomena such as the interference of light, the laser [12] , superconductivity [13] , and quantum thermodynamics [14] . Together with quantum entanglement [15] and quantum discord like correlations [16, 17] , it also acts as the important resource in quantum information and quantum computation processing [18] . The recent work of quantifying coherence [19] in the context of quantum information science gives a informational perspective for coherence. Moreover, the coherence is found to be connected to the quantum correlations [20, 21] . For example, for the correlated coherence [21] , i.e., the coherence with respect to local eigenstates, all the coherence in the system is stored entirely within the correlations.
In this Letter, we investigate the relation between the energy transport and quantum coherence in two systems A and B, which are initially in thermal states with different temperatures, in a unitary evolution under weak coupling limit. For a quasi-static process, the transported energy is actually proportional to the change of mutual information between systems A and B. We split the mutual information into two parts: the quantumness partthe correlated coherence [21] , and the non-quantumness part -the classical correlation. We ask how the correlated coherence and the classical correlation influence the energy transport. Within an infinitesimal change of time, we derive a ratio relation between the change of correlated coherence and the transported energy. Based on this, the condition for correlated coherence or classical correlation as the unique mandatary of energy transport is given. At last we show how the coherence and classical correlation influence the energy transport by an example.
Let us consider a quantum system consisting of two subsystems A and B, which are in thermal states with different temperatures T A and T B , see Fig. 1 . At time t, the states of whole system and the subsystem A(B) are given by ρ AB and ρ A(B) = tr B(A) (ρ AB ), respectively. Here
i| is the Hamiltonian of system A(B) with h A(B) i being the energy eigenvalue and |i A(B) the energy eigenstate, and
) is the partition function. The Hamiltonian H = H A + H B + H I of the whole system does not depend on time, namely, the whole system evolves unitary and the energy is conserved. The interaction Hamiltonian H I is assumed to be much smaller than H A(B) so that the energy transport from A to B is a quasi-static process, which means that the states of A and B keep diagonal in their energy eigenstates during the evolution.
Within a infinitesimal change of time, t → t ′ = t + ∆t, the whole system's state evolves from ρ AB to ρ ′ AB = ρ AB + ∆ρ AB , and the energy transported from A to B is ∆E. Since the process is quasi-static, the change of entropies for systems A and B are given by ∆S A = ∆E A β A and ∆S B = ∆E B β B respectively, where ) is the energy change. The unitary evolution of the whole system implies that the entropy change of the whole system ∆S AB = 0. Hence the change of mutual information between A and B is ∆I AB = ∆S A +∆S B . Due to the energy conservation and weak coupling limit, the transported energy ∆E = ∆E B = −∆E A . Therefore we have the relation between the transported energy and the change of mutual information,
Hence the change of mutual information takes all the responsibilities for the energy transport in the above quasistatic process. Obviously, the mutual information, which represents the total correlation between subsystems A and B, is always greater than or equal to the correlated coherence [21] , denoting as C. The extra part, denoting as J, actually represents the classical correlation with respect to the reference basis, here the local eigenstates. Thus the change of mutual information is composed of two parts:
Generally, both correlated coherence and classical correlation contribute to the energy transport. However, there may exist some scenario that only one part contributes to energy transport, i.e., that part is the unique mandatary of energy transport. We next investigate the weights of correlated coherence and the classical correlation on the contribution to energy transport, and find out the conditions for correlated coherence or the classical correlation as the unique mandatary of energy transport.
For the transported energy, we have
where we have used
, and ∆ρ A(B) = tr B(A) (∆ρ AB ).
The change of correlated coherence [21] for the whole system is given by,
where the tilde denotes the projective measurement associated with the ρ A(B) 's eigenstates, i.e.,
i| denoting the projective measurement with respect to the eigenstates of H A(B) . The last equality is due to unitary evolution of the whole system. After some straightforward calculations, we have
where we have used the fact that ∆ and Π are commutating, Π ln Πρ = ln Πρ for projector Π, and ρ
The evolution of the whole system is governed by the Liouville-Von Neumann equation,
By Taylor's formula, we can expand ρ AB in term of ∆t,
(6) For the relative entropy term in (5), one find that its Taylor's expansion only contains higher order of ∆t:
where g r 2 = tr(ρ
)/2. Substituting (6) and (7) into (5) and (3), and taking into account the relation (4), we have the ratio between the transported energy and the change of correlated coherence:
where
The equation (8) gives ratio relation between transported energy and the correlated coherence at any time t in a quasi-static process of energy transport between two systems with different temperatures. In fact, this equation can also be used to the non-quasi-static case when we remove the restriction that the systems A and B are always in thermal states during the infinitesimal change t → t ′ . If the systems A and B start from the thermal state ρ A(B) and Π A ⊗ Π B is the measurement using local Hamiltonian's eigenstates, under weak coupling limit and unitary evolution of the whole system, one will find that the equations (3)-(9) still hold. If one keeps more higher order terms in the right hand sides of equations (6) and (7), more parameters like f 3 , g 3 , g r 3 , f 4 , g 4 , g r 4 , ... will appear in (8) 
In most cases, the coherence and energy are not at a stationary point at the same time, i.e., the first derivative f 1 = 0 or g 1 = 0. In this case we have the relation between the transported energy and change of coherence:
If both f 1 and g 1 are zero, we have to consider higher order expansion. Typically, for the case that the whole system starts from a zero correlated coherence state, we have the following theorem. 
where f 2 and g 2 are defined in (9).
Proof:
Let ̺ AB = kl p kl |k k| ⊗ |l l| be the initial zero correlated coherence state, where |k s and |l s are the local eigenstates of systems A and B. Obviously (Π A ⊗ Π B )̺ AB = ̺ AB , which leads to g 1 = 0. The product state, ̺ A ⊗ ̺ B , with ̺ A(B) = tr B(A) (̺ AB ), has the same eigenstates as ̺ AB . Then [̺ AB , ln(̺ A ⊗ ̺ B )] = 0, which leads to f 1 = 0. We have to consider the higher order terms. From the analysis above, the infinite/infinite case can be excluded. Hence we only need to consider non-singular ̺ AB . For the term g 
One can show that, given [H, ̺ AB ] = 0, (12) is always positive. Hence for the zero correlated coherence state, the first two orders in expansion will be enough, and the ratio in (8) is determined by f 2 /g 2 . [24] . This gives a physical interpretation for the skew information. For a bipartite zero coherence state , ̺ AB , under a unitary evolution driven by a time independent Hamiltonian H, the coherence's first derivative with respect to time is zero, while the second derivative is just the skew information. Hence the skew information describes the acceleration of the coherence increases at the very initial time for a bipartite zero coherence state: ∆C = I s (H, ̺ AB )∆t 2 /2, given ∆t is sufficiently small.
It is worthwhile to note that (12) is actually a kind of skew information
We next investigate the contributions of correlated coherence and classical correlation to energy transport. We analyze three typical scenarios within the first two order expansions of (6) and (7).
(i) The energy transport is all due to the change of the correlated coherence,
This means that the ratio (8) equals 1, which requires
. A special case comes from Theorem 1, when the whole system evolves from a product state ρ AB = ρ A ⊗ ρ B . In this case, from Theorem 1 it is easy to see that g r 2 = 0 and f 2 = g 2 = 0, which gives the simple relation (13) . This implies the importance of correlated coherence in energy transport at the initial time for two uncorrelated quantum systems: If two uncorrelated quantum systems begin to transfer energy, for any kind energy transport (any Hamiltonian), the correlated coherence serves as the unique mandatary of energy transport at the very initial time. The energy transport can not takes place without correlated coherence. This special case has appeared in [22] (the diagonal discord in [22] actually equals to the correlated coherence here). Moreover, Theorem 1 gives the acceleration for energy transport or change of correlated coherence at the initial time, which is determined by the skew information:
(ii) The energy transport is all due to the change of the classical correlation,
This means that the ratio (8) equals to infinite, which requires f 1 = 0, g 1 = 0 or f 2 = 0, g 2 − g r 2 = 0 when f 1 = g 1 = 0. Definitely, there exists certain Hamiltonian and state such that the conditions f 1 = 0 and g 1 = 0 are fulfilled. This scenario shows that the correlated coherence does not contribute to the energy transport, while the classical correlation serves as the unique mandatary of energy transport. If the system is prepared in such state and evolves under such Hamiltonian, energy transport can not takes place without the change of classical correlations.
(iii) Correlated coherence and classical correlation are completely inter-converted and there is no energy transport, ∆C = −∆J.
This implies that the ratio (8) equals to zero, which means that f 1 /g 1 = 0 or f 2 /(g 2 − g r 2 ) = 0 when f 1 = g 1 = 0. A special case comes from Theorem 1, when the whole system's state is singular and the skew information or g 2 goes to infinite. This scenario shows the offset effect between correlated coherence and classical correlation, which leads to that both of them make no contribution to energy transport.
A detailed example which exhibits the weights of correlated coherence and classical correlation on the contribution to energy transport is the two two-level systems such as nuclear spins with Hamiltonian
where H A(B) = − 2 ωσ z is the Hamiltonian of system A(B), with σ z = |0 0| − |1 1| being the Pauli operator, |0 and |1 are the energy eigenstates,
is the interacting Hamiltonian, with σ − = |1 0|, σ + = |0 1|, γ the coupling constant. The evolution of the system is given by U (t) = e −iHt . The two-level spin systems A and B are initially prepared in thermal state at different temperatures, ρ A (0) = Z ) is the partition function. For states of the whole system, we consider two cases, one is the product state and another one is zero correlated coherence state, which all fulfill the weak coupling limit and quasi static assumptions.
If the whole system is prepared in the product state
it is easy to check that f 1 = g 1 = 0, f 2 = g 2 = 0, which belongs to the scenario (i). The initial energy transport is all due to the change of correlated coherence. If the whole system is prepared in the zero correlated coherence state
where ρ A(B) ij is the matrix elements of ρ A(B) (0) under the energy eigenstate basis {|0 , |1 }, from Theorem 1, the initial ratio of the transported energy over the change of correlated coherence is f 2 /g 2 . Normally, for the state (19) , f 2 /g 2 is not 1, which implies that both correlated coherence and classical correlation contribute to the energy transport. Specially, when the state is singular (p = 0) and g 2 goes to infinite, the ratio approaches to zero.
For the latter time (t > 0), the first order parameters f 1 and g 1 are all not zero for both cases of (18) and (19) . Then the ratio of the transported energy over the change of correlated coherence is f 1 /g 1 , see Fig. 2 .
We have investigated how the correlated coherence and the corresponding classical correlation influence the energy transport under unitary evolution and weak coupling limit. For quasi-static process, the energy transport is all due to the change of mutual information between subsystems. We have split the mutual information into the quantumness part, i.e., the correlated coherence, and the non-quantumness part, i.e., the corresponding classical correlation. Within an infinitesimal change of time, the ratio between the transported energy and the correlated coherence has been derived. For the zero correlated coherence initial state, we have found that the ratio can be determined by the first two order expansion parameters of ∆t, and the change of coherence can be described by a kind of skew information. By this ratio, the conditions for correlated coherence and classical correlation as the unique mandatory for energy transport have been derived. It has been found that the coherence is extremely important for energy transport if the initial state is in a product state, as the coherence is the unique mandatory of energy transport. There also exist certain Hamiltonian systems such that the classical correlation is the unique mandatory for energy transport. However, in most of the cases, both correlated coherence and classical correlation together contribute to the energy transport. A detail example has exhibited how the correlated coherence and the classical correlation influence the energy transport.
A real physical system may interact with environments and the evolution of the system may be not unitary. In this case the correlated coherence and classical correlation should be the larger system consisting of the system and some environments such that the enlarged system evolves unitary. Our results show that the coherence or non-quantumness, here the classical correlation, can be very important for the energy transport, which accords with the current research on energy transport in photosynthetic light-harvesting. Moreover, in artificial photosynthesis system, our approach may be used to design Hamiltonian systems which gives high energy transport speed, and uses less quantum coherence resource at the same time.
